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Abstract 

We explore the nonperturbative aspects of the chiral algebras of Af = (0, 2) 
sigma models, which perturbatively are intimately related to the theory of chiral 
differential operators (CDOs). The grading by charge and scaling dimension is 
anomalous if the first Chern class of the target space is nonzero. This has some 
nontrivial consequences for the chiral algebra. As an example, we study the case 
where the target space is CP 1 , and show that worldsheet instantons trivialize the 
chiral algebra entirely. Consequently, supersymmetry is spontaneously broken 
in this model. We then turn to a closer look at the supersymmetry breaking 
from the viewpoint of Morse theory on loop space. We find that instantons 
interpolate between pairs of perturbative supersymmetric states with different 
fermionic numbers, hence lifting them out of the supersymmetric spectrum. Our 
results reveal that a "quantum" deformation of the geometry of the target space 
leads to a trivialization of the kernels of certain twisted Dirac operators on CP 1 . 
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1 Introduction 



Two-dimensional twisted M = (0, 2) sigma models were recently studied by Witten 
in [lj, where lie showed that the infinite-dimensional chiral algebra of local operators 
and the various perturbative characteristics of the models can be expressed in terms 
of the sheaf of chiral differential operators (CDOs). The theory of CDOs had first 
been introduced and developed in a series of seminal papers by Malikov et al. [21 G]. It 
has since found interesting applications in geometry and representation theory, such as 
mirror symmetry [I] and the study of elliptic genera [5J, [6], [T] , just to name a few. The 
mathematical relevance of twisted (0, 2) sigma models is thus clear in this respect. 

Most existing discussions on the chiral algebras of (0, 2) sigma models have been 
confined within the realm of perturbation theory. However, one cannot ignore nonper- 
turbative effects if one wishes to acquire a complete understanding of the full quantum 
theory. Even though there have been recent efforts [8] to study the sigma model beyond 
perturbation theory, the analysis was mainly confined to the finite dimensional subsec- 
tor of scaling dimension zero. In this paper, we have taken a modest step towards a 
study of the nonperturbative aspects of the full chiral algebras of (0, 2) sigma models. 
We analyze the model with target space X = CP 1 , where we find that worldsheet in- 
stantons can change the picture radically: The perturbative chiral algebra of the model 
is completely trivialized by instantons. Consequently, supersymmetry is spontaneously 
broken in this model. This nonperturbative phenomenon can also be understood from 
the perspective of Morse theory on loop space, where it is shown that instantons lift 
pairs of perturbative states from the supersymmetric spectrum. Moreover, our results 
suggest that under a "quantum" deformation of the geometry of the target space, the 
kernels of certain twisted Dirac operators on CP 1 will become empty. 

The structure of the paper is as follows. In Section 2, we will discuss twisted J\f = 
(0, 2) nonlinear sigma models in two dimensions. After briefly reviewing the general 
features of these models, we will introduce their chiral algebras and the cohomology of 
physical states. These will be the main objects of interest in this paper. We will also 
review the anomalies of the models, which will be relevant to the discussions in the 
later sections. 

In Section 3, we will elaborate on the perturbative chiral algebras and their relation 
to the sheaves of CDOs. We will start with the chiral algebras in the classical theory, 
where one has the Cech-Dolbeault isomorphism to formulate them as the Cech coho- 
mology of a certain sheaf over the target space. We will then consider perturbative 
quantum corrections. As we will see, the chiral algebras can still be expressed in terms 
of Cech cohomology. We will explain how one can carry out the actual computations 
by "gluing" free theories over the target space. 

In Section 4, the chiral algebra of the CP 1 model will be studied in the full quantum 
theory. To this end, we will first determine the perturbative chiral algebra. This will 
also serve as an illustration of the general concepts developed in the previous section. 
We will then extend our analysis beyond perturbation theory, taking into account 
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the presence of worldsheet instantons. By analyzing the operator product expansion 
between the supercurrent and a certain local operator in an instanton background, we 
find that the perturbative chiral algebra is completely trivialized by instanton effects. 
This in particular implies the spontaneous breaking of supersymmetry. 

In Section 5, we will turn to a closer look at the supersymmetry breaking from 
the viewpoint of Morse theory on loop space. There we will see that the Fock space 
structure is altered by a spectral flow which arises when the closed string wraps the 
CP 1 target as it propagates. This allows instantons to interpolate between pairs of per- 
turbative supersymmetric states with different fermionic numbers, hence lifting them 
out of the supersymmetric spectrum. 

2 Chiral Algebras of (0, 2) Models 

In this section, we review M = (0, 2) nonlinear sigma models in two dimensions and 
their chiral algebras. We will restrict ourselves to the simplest case, in which there are 
no left-moving fermions coupled to the gauge bundle over the target space. 

2.1 The Model 

Let the worldsheet E be a Riemann surface, and the target X a compact hermitian 
manifold. We will formulate the theory in the twisted case, so that there exists a global 
supersymmetry for an arbitrary choice of E. The bosonic field is a map from E to 
X, while the right-moving fermions a, p are sections 

a 1 e T{<f)*TX), p\ G r(¥ E ® <j)*TX), (2.1) 

where K^, is the canonical line bundle of E. Under the right-moving R symmetry, a 
has charge 1 and p has charge —1. 

There are several requirements which E and X must meet. First, the model suffers 
from the sigma model anomalies unless certain conditions are satisfied j9] . In addition 
to the familiar one which leads to the condition pi(X)/2 = 0, the twisting introduces a 
further anomaly if ci(X) and ci(E) are both nonzero pQ. If one wishes to study a theory 
on a target space with C\{X) ^ 0, such as X = CP 1 , one must consider a worldsheet 
with trivial canonical line bundle. Second, we assume X to be spin, or equivalently, 
C\(X) = (mod 2). From the canonical quantization viewpoint, this condition is 
interpreted as the orientability of the loop space LX = Map(S' 1 , X). Together with 
Pi(X)/2 = 0, this implies the existence of the Dirac operator on LX (TUUTT]. Finally, 
Af = (0,2) supersymmetry requires the associated (1, l)-form to of X to obey the 
equation dduo = [lj. Such a real (1, l)-form can be written locally as u = i(dK — dK) 
for some (1, 0)-form K. The target metric is then given by = diKj + d^Kj. 

After twisting, the supercharge Q + becomes a (0, l)-form on E, while Q + becomes 
a worldsheet scalar. Associated with the latter is the fermionic symmetry generated 
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by eS, where e is a scalar grassmannian, and 5 transforms the fields by 

5ft = 0, 5ft = a 1 

5p\ = -d z ft, 5a* = 0. 

As one can see from the above transformation law, the fermionic symmetry is nilpotent, 
i.e., 5 2 = 0, and increases the R charge by one. 

An action of the form J E 5V for a (1, l)-form V on S of charge —1 is manifestly 
invariant under the fermionic and R symmetries. A choice compatible with M = (0,2) 
supersymmetry is the sum of the following two terms: 

S = f d 2 z5(-g tJ pld z ft), S T = [ d 2 z5{-T l3 p\d z ft). (2.3) 
Jy Jy 

Here, d 2 z = idz A dz and T = — dK is a (2, 0)-form defined locally on X. This leads to 
the action 

S + S T = [ d 2 zg iJ (d z ftd z ft + piD z ^)-i [ ftT (2.4) 

with the twisted covariant derivative 

D z c? = d z c? + d z ftgl l d- k g u a l + d z ftg> l d- k T H a\ (2.5) 

In general, T is not well defined as a (2, 0)-form. Rather, it is a two- form gauge field, 
whose gauge transformation is given by T — > T + r for a closed local (2, 0)-form r. 

One may also add to the action a topological term constructed as follows. Let B 
be a closed two-form on X. Then, the functional 

S B = J^ftB (2.6) 

is topological, in the sense that it depends only on the cohomology class [B] and the 
homology class [</>(£)]. As such, it is invariant under any continuous transformations, 
and in particular, invariant under the fermionic and R symmetries. The topological 
action Sb vanishes in perturbation theory, where one considers only homotopically 
trivial maps. Nonperturbatively, it serves as the weights assigned to the instanton 
sectors. In the case of a Kahler target space, one typically takes the real part of B to 
be the Kahler form. 

2.2 Chiral Algebra and Cohomology of States 

The generator Q = Q + of the fermionic symmetry acts on local operators by the 
commutator: {Q, O} = SO. From the nilpotency of the fermionic symmetry together 
with the fact that Q has charge 1, we can immediately construct the Q-cohomology of 
local operators graded by R charge. 
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While the cohomology of local operators was an automatic consequence of the nilpo- 
tency of the fermionic symmetry, the cohomology of states is not. The nilpotency only 
implies that Q 2 is a central charge, i.e., it commutes with any operator in the theory. In 
our case, however, the central charge is absent — this is simply because given a generic 
hermitian metric, there is no candidate for such a conserved quantity. The fermionic 
operator Q is nilpotent and a worldsheet scalar, and hence, it is sometimes referred to 
BRST operator. 

The relation between the cohomology of local operators and states is that the latter 
is a module over the former: 

[0].[|*>] = [0|*>]. (2.7) 

In particular, the cohomology of states is trivial if that of local operators is so: In such 
a case, the constant operator 1 is Q-exact, thereby an operator W exists such that 
1 = {Q, W}. Consequently, for any state |^) with Q\ty) = 0, one has |^) = Q(W\^}). 
As we will see later, this scenario is indeed realized for X = CP 1 . 

Let us take a closer look at the cohomology of local operators. Inside the correlation 
functions, local operators carry their insertion point on the worldsheet. We will indicate 
this by writing them as 0(z,z). As shown in Section [3j perturbatively the generator 
L_i = dz of antiholomorphic translations is trivial in the cohomology, i.e., L_i = 
{Q, W} for some W. Perturbative cohomology classes thus vary holomorphically on E, 
since if a local operator O represents a cohomology class, we have d 2 oc {Q, {W, O}} 
by the Jacobi identity. Furthermore, two cohomology classes can be multiplied by 
the operator product expansion (OPE), and the resulting operator again lies in the 
cohomology: 

[O a (z a )\ ■ [O b (z b )} ~J2f C °»( z " ~ z b)[°c(z b )\. (2.8) 

c 

This structure — the holomorphic Q-cohomology with OPE — is called the chiral algebra 
of the model, which we will henceforth denote by A. As we will see, this is intimately 
related to the chiral algebra in the sense of conformal field theories in two dimensions, 
i.e., the algebra of holomorphic symmetry currents. 

The chiral algebra forms the "quasi-topological" sector of the theory, which will be 
called the BRST sector in the present paper. The correlation functions of Q-closed 
operators, 

(n°*(*«>*«)); {Q,O a } = 0, (2.9) 

a 

depend only on the cohomology classes [O a ]: If one of them is exact, then it becomes 
the one point function of a Q-exact operator, i.e., ({Q, W}), which vanishes by virtue 
of the fermionic symmetry. This in particular means that the correlation function (12.91) 
is a holomorphic function of the insertion points. Furthermore, it is invariant under 
a smooth deformation of the hermitian structure of X, since such a perturbation just 
brings down a Q-exact term. A similar argument also shows the invariance of the 
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correlation functions under a deformation of the two-form field T by a globally defined 
(2, 0)-form. 



2.3 Anomalies 

We will now discuss the anomalies of our model. For this purpose, it will be helpful to 
review how the path integral measure is constructed, and how correlation functions are 
defined within this context. This also prepares us for the subject of the next section, 
the sheaf of chiral differential operators. 



2.3.1 Localization 

The localization principle [12] states that path integrals in the BRST sector (or in 
the large volume limit) localize around instanton configurations, which in our case are 
holomorphic maps from E to X. Let C = Map(E, X) be the bosonic configuration space, 
and M. C C be the instanton moduli space, i.e., the space of holomorphic maps from E 
to X. Then, we can reduce the integration region to an arbitrary neighborhood M! Z> 
M.. This provides a considerable simplification of computations. 

The fermions p and a are respectively sections of <8> <p*TX and 0*TX, hence in 
order to define a fermionic path integral measure, we must introduce local frames on 
these bundles. To this end, let us introduce unitary eigenmodes of the laplacians: 

A F ((p)uo ir (z,z;(f)) = 0, A F (0)w n (z,z;0) = \ n ((f))u n (z, z; (p), 
A J F ((f))vQ )S (z, z; 0) = 0, A J F ((f))v n (z, z; 0) = \ n ((f))v n (z, z; 0), 

where Ap = D with D = dzD 5 , and the nonzero modes are paired by the relation 
v n = X n Du n . On a sufficiently small open set U C At, we can take the eigenmodes 
to vary smoothly in 00 One can then expand the fermions as 

p(z, z; 0) = ^ b o v o,s( z ' z'i 4>) + ^2 &n ^( z ' 0), 

(2.11) 

r n 

where 6q, Cq, b n , c n are grassmannian variables. The fermionic path integral measure is 
then defined, locally on U, by the formal product 

Y[ db s dc r db n dc n . (2.12) 

r,s,n 

Notice that the eigenmodes in terms of which the fermions are expanded are themselves 
functions of fluctuating quantum fields. This point will be important in Section HI 



^^We are assuming here that there is no singularity in the instanton moduli space. In particular, 
the dimension of A4 does not jump within a connected component. 
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To construct a bosonic path integral measure, let us choose Ai' to be a tubular 
neighborhood of Ai, so that it is diffeomorphic to the normal bundle NAi. A point 
4> £ Ai 1 can then be identified, via the exponential map, with a vector in N^Ai at 
the nearest point <f) £ Ai. This vector can be identified with a vector field pointing 
in the directions normal to Ai, hence, it represents a fluctuation around an instanton. 
We denote the (1, 0) and (0, 1) components of this vector field by <p(z, z; 0o) £ 4>oTX 
and <p(z, z; <f>o) G (p^TX, respectively. Note that 4>qTX is a holomorphic vector bundle 
over S, and thus the Dolbeault operator 8 acts naturally on the space of its sections. 
The eigenmodes uo, r and u n reduce on Ai to eigenmodes of the laplacian 3*3. The zero 
modes satisfy 3uo, r = 0, and therefore, they are holomorphic and tangent to Ai. The 
normal directions are spanned by the nonzero modes: 

Lp(z,z;(fr ) = ^2a n u n (z,z;(p ), <p(z,z;<f)o) = ^a n u n {z,z;(t) ). (2.13) 

n n 

The bosonic path integral measure on U H Ai is then 

dMY[da n da n . (2.14) 

n 

Here, dAi is the canonical volume form of Ai. The total path integral measure is the 
product of the bosonic and fermionic measures. Path integral measures defined locally 
this way can then be glued patch by patch over all of Ai without any obstruction, if 
the sigma model anomalies are absent [9]. 

For the path integral measure to be well defined, we must regularize the formal 
expressions (12.121) and (I2.14p . We will do this by imposing an ultraviolet cutoff Auv, 
so that only the modes with A ra < Auv will be integrated. The regularized measure is 
invariant under the fermionic symmetry, as one can verify explicitly by computing the 
Berezinian. The nilpotency of Q also follows as mentioned in Section 12.11 The other 
ingredients required to define the cohomology of local operators and states are the 
R charge and the scaling dimension. We now turn to a discussion of their anomalies. 

2.3.2 Charge and Scale Anomalies 

In general, the configuration space C splits into connected components as C = {JaCp, 
which are labeled by the homology class (3 = [</>(£)] of the embedding of the worldsheet 
into the target space. On each component, the above construction is applied to define 
the path integral measure, and once this is done, the correlation functions take the 
form of the sum over the instanton sectors: 

(•••> = £^<"--V (2-15) 

P 

In this expression, e~ t0 is the weight assigned to Cp given by the topological action Sb, 
and (. . )p is the correlation function computed in that sector. 
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As a result of the paring of nonzero modes, the nonzero mode part of the fermionic 
path integral measure (12.121) is neutral under the R symmetry. On the other hand, the 
zero mode part has charge equal to the number of p zero modes Vq jS minus the number 
of a zero modes u~o,r, i-e., minus of the index of d twisted by cf)*TX. On a compact 
Riemann surface S with genus g, the index for the /3-instanton sector is given bjo 

{l-g)-dhn c X+(j3,c 1 {X)). (2.16) 

Thus, the R symmetry is anomalous. Due to this charge anomaly, the correlation func- 
tion (• vanishes unless the total charge of the inserted operators is equal to ( 12.161) . 
Furthermore, if C\(X) ^ 0, the continuous U(1)r symmetry is broken to the discrete 
1i2k symmetry, where 2k is the greatest common divisor of (/3, ci(X)). (Recall the con- 
dition ci(X) = (mod 2).) As a result, it is possible for two operators 0\ and 2 , 
whose charges differ by a multiple of 2k, to define the same cohomology class in the 
full correlation function. Thus, the grading of the chiral algebra by charge reduces to 
a Z 2 fc grading in the presence of instantons. 

By the same token, scale invariance is also anomalously broken by instantons. Under 
a scaling of the metric h a b — > A 2 h a b, the eigenmodes Uo,r, u n must scale as u —* Au to 
maintain unitarity. This induces the transformation da — > A _1 da, dc — ► Adc. The zero 
mode part V/i Q of the path integral measure (which includes dM.) then scales as 

P/ioU^A-^^P/iol^. (2.17) 

The scaling of the nonzero modes needs to be regularized. In the case of conformally 
invariant theories, this will lead to the familiar conformal anomaly proportional to the 
scalar curvature of the worldsheet. If one only works in one of the instanton sectors, the 
constant factor which arises from a scaling of the path integral measure can be ignored 
by considering normalized correlation functions. However, the presence of the scale 
anomaly indicates that the grading by dimension will be violated by instantons. This 
has some nontrivial consequences for the cohomology in a nonperturbative setting, as 
we will see in Section HI 



3 Perturbative Chiral Algebra and CDO 

Our discussion so far has been concerned with the general features of chiral algebras, 
which apply to any choice of target space. In this section, we focus on the relation 
between the chiral algebra and the geometry of the target space. We will start with 
the classical chiral algebra, and then proceed to discuss its quantum counterpart in 
perturbation theory. The main goal of this section is to understand how the pertur- 
bative chiral algebra can be computed from a certain sheaf derived from free theories, 

2 The first term is absent in the physical (i.e., untwisted) models, where the fermions are worldsheet 
spinors. 
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namely, the sheaf of chiral differential operators. We refer the reader to [T] for more 
discussions. For a generalization where left-moving fermions are present, see [13] . 

3.1 Classical Chiral Algebra 

Classically, our model is conformally invariant. To compute the stress tensor, we first 
couple the theory to the worldsheet metric h ab as 

S = J Vhd 2 xh ab 5(g ijP ld b <y + T l3 pld b <y), (3.1) 

and take the variation Sh a b- We find 

T zz = gijd z <t>%<P + DiO-rj <).<,' , 
T-z-z = {Q,g lJ pld- z( j ) i+T tJ pld z( j ) i}, 

and T zz = T zz = 0. The components of the stress tensor commute with Q, thus they 
descend to well-defined operators in the cohomology. This is manifestly true for T zz 
since it is expressed as a Q-exact operator. As for T zz , it is indeed Q-closed upon using 
the equation of motion D z a l = 0. 

Since T zz vanishes in the chiral algebra, so do the generators L n of the antiholomor- 
phic conformal transformations z — > z + ez n+1 . The special case of this is L_i = d z , 
as we have already discussed in Section [2j On the other hand, the condition from Lq 
leads to a considerable simplification of the chiral algebra: If a local operator O has a 
nonzero right-moving dimension, {Lq, O} = hO with h ^ 0, then it is Q-exact. Thus, 
the chiral algebra consists only of local operators with L = 0. This means that p and 
^-derivative of any fields do not enter the chiral algebra, as they have a positive L Q . 
We will hereafter refer to the eigenvalue of L simply as the dimension of the operator. 

Thus, local operators relevant to the classical chiral algebra are, locally on E and 
X, functions of the form 

0(4, d z <P, d% . . . ; 0, dj, d 2 J, ...;«). (3.3) 

Here we have used the equation of motion to replace d z a with other variables. By 
locality, the expansion of (13. 3p in <9™</> and d™<fi must stop at a finite order. The expan- 
sion in a stops at the order d = dime X by Fermi statistics, as there are d zero modes 
for a in the zeroth instanton sector Ai = X, i.e., the space of constant maps from 
S to X. However, the dependence on the target coordinates (0, </>) is not constrained. 
Therefore, a local operator can take the general form 

0(0, : <U> ! ■ ■ ■ d 2 ^ ■■■djf- d 2 J m ...^■■■o?«. (3.4) 

Note that we have used the hermitian metric to lower the indices. 
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Globally over X, but locally on E, the operator (13.41) can be interpreted as a (0, q)- 
form taking values in a holomorphic vector bundle over X constructed from tensor 
products of TX and T*X. As such, we can take the space of local operators to be a 
vector bundle F = V <8> A'T*X, where V is a hermitian vector bundle given by the 
direct sum of possible vector bundles that appear as a coefficient in the expression (|3.4p . 
Globally on both £ and X, the section (13.41) of F must glue consistently over S. 
Classically, this is always possible by using worldsheet covariant derivatives. 

The bundle F is graded by charge and dimension. We denote the subbundle of 
charge q and dimension h by F q,h . The chiral algebra inherits the grading by charge 
and dimension, so that one can write A = ® g h>0 A q ' h . Let us assume = for 
simplicity; such is the case for sigma models on Kahler manifolds with M = (0, 2) 
supersymmetry. From the transformation law (12.21) . the fact that p is absent from 
the bundle, and the equation of motion D z a l = 0, we see that Q acts on F* ,h as 
the Dolbeault operator 8$ Thus, the qth Q-cohomology group of dimension h is, 
classically, given by the Dolbeault cohomology group Hg(X,F* ,h ). Since there are no 
short distance singularities at the classical level, the multiplication structure of the 
chiral algebra is given by the naive product of operators, which coincides with the ring 
structure of the Dolbeault cohomology given by the wedge product. 

A powerful means of computing Dolbeault cohomology is provided by Cech coho- 
mology. Let J rq ' h be the sheaf of local sections of F q,h , and Z q,h be the subsheaf of J rq,h 
of <9-closed sections. The Cech-Dolbeault isomorphism states that 

H q g (X, F'' h ) = H q (X, Z°' h ). (3.5) 

It will be useful for our upcoming discussion to briefly recall how this isomorphism is 
realized. The first step is the 9-Poincare lemma, by which one obtains the short exact 
sequence of sheaves: 

— ► Z q - X > h — ► J*- 1 * Z q ' h — ► 0. (3.6) 
This in turn induces the long exact sequence of cohomology: 

► H p (Z q - 1 ' h ) -> H p {T q - 1 > h ) ^ H p (Z q ' h ) -> H p+1 (Z q - 1 ' h ) ->.... (3.7) 

Now, since T q ' h is a fine sheaf, H P (X, J rq,h ) = for p > 0. The long exact sequence 
then produces a chain of isomorphisms: 

H q (Z°' h ) S H q -\Z^ h ) ^ • • • S H\Z q - 1 ' h ) = H {Z q ' h )/dH (T q - 1 > h ). (3.8) 

This establishes the Cech-Dolbeault isomorphism H q (X,Z°' h ) = H^(X, F'< h ). 

3 If the two-form field T is present, the equation of motion for a is modified and the action of Q is 
twisted by the (2, l)-part of the field strength H = dT. 
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3.1.1 Example: Ci(X) / 

We will now illustrate the use of the Cech-Dolbeault isomorphism. To this end, let us 
consider, as a relevant example, the case when the target space has nonzero first Chern 
class. We now wish to ascertain if there is anything in the chiral algebra that can be 
associated with ci(X). 

Let {U a } be a good cover, i.e., all nonempty finite intersections of its open sets are 
diffeomorphic to M n . We choose holomorphic transition functions {f a b} of the canonical 
line bundle K x on overlaps {U a fl £/&}. On a triple overlap U a D fl U c , the transition 
functions satisfy the cocycle condition: 

8fabc = fbcfcafab = 1- (3.9) 

Hence, {f a b} defines a cohomology class in H l (X, O x ). This is mapped to an integral 
cohomology class Ci(X) under the homomorphism if X (X, O x ) — > H 2 (X, Z) induced by 
the short exact sequence 

— >Z — >0 — >O x — >1. (3.10) 

The map O — > O x is given by / i— > exp(2irif). 

To discuss the chiral algebra, the cocycle condition (13.91) needs to be written addi- 
tively. One may try to do this by the map f a b t— > f a b = log f a b/2ni, which is well defined 
since we are using a good cover. Naively, the right-hand side seems to be mapped to 
zero and {f a b} defines a cocycle; however, because of the nontrivial topology of the 
manifold, one only has 

5fabc = fbc + L + fa b eZ. (3.11) 

In fact, {5fabc} gives an explicit representation of c\(X) G H 2 (X,Z). 

To obtain a cocycle associated to {f a b}, we make use of the additional degree of 
freedom peculiar to the field theory. We take the derivative of (13. lip , and set 

a b = d z f ab = —f^dzfab- (3.12) 

Then, {9 a b} defines a holomorphic cocycle and therefore a cohomology class [{^i,}] e 
i7 1 (X, Z ' 1 ), which in turn is mapped via the Cech-Dolbeault isomorphism to a coho- 
mology class [9] e Hg(X, F'' 1 ) = A 1 ' 1 . Applying d z repeatedly, one obtains cohomology 
classes of higher dimensions, [d z 9], [d z 9], etc. These are the elements of the chiral al- 
gebra that are associated with c\(X). 

Let us find an explicit representation of [9] in A 1 ' . First, we note that 9 a b can be 
written as 9 a b = Wb — W a , where 

W = --^d^dilogG, (3.13) 
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and G = det(gjj) is the determinant of the hermitian metric. This does not mean that 
[9 a b] is trivial in the Cech cohomology, since W a are not holomorphic. Rather, W a 
transform by holomorphic transition functions, so that dW a = dWb- Hence, {9W a } 
defines a cohomology class in H°(X, Z l > h ) /dH°(X, J" ^) = ffJp^F*' 1 ), which gives 
the desired representation of 9. Using the fact that the Ricci form 1Z = iR^dt^ 1 A d(j>* 
of a hermitian manifold can be computed as 1Z = —idd log G, we find that 

e = Bw a = ^Rijd^w. (3.14) 

ZTTl 

We see from this expression that 9 indeed corresponds to a cohomology class in A 1 ' 1 . 
3.2 Perturbative Chiral Algebra 

We now take up the issue of perturbative quantum corrections to the chiral algebra. 
After reviewing the general structure of perturbative corrections, we will elaborate on 
the sheaves of CDOs, which allow one to compute perturbative chiral algebras in the 
language of Cech cohomology. 

3.2.1 Structure of Perturbative Chiral Algebras 

As we have seen in Section 12.31 the chiral algebra is still defined after quantum correc- 
tions are taken into account. Perturbatively, we work only in Ai = X, so we still have 
the Z grading given by R charge. We need further arguments to justify the grading by 
dimension. To this end, let us first look at the scale invariance of the cohomology. 

Although the path integral measure scales by an overall factor under a global Weyl 
transformation, this can be neglected if we consider the normalized correlation func- 
tions. The actual problem is the change in the integration region in the field space, 
arising from the fact that the ultraviolet cutoff Auv is fixed while the eigenvalues of the 
laplacians scale. However, the integration region is restored by scaling Auv appropri- 
ately. Such sliding of Auv is equivalent to integrating out the high-frequency modes. 
With appropriate field redefinitions, this will result in the renormalization of the metric 
P3J [T5]. Both of these operations can be done within the Q-commutator in the action. 
Thus, the correlation functions in the BRST sector is scale invariant in perturbation 
theory. As in the most examples in two dimensions [16] , our theory is also conformally 
invariant. In fact, T zz is Q-exact. 

The fact that T zz is Q-exact implies that there exist operators L n and L n , which 
when restricted to their action on Q-closed operators, generate conformal transfor- 
mations. It does not mean, however, that conformal transformations leave Q-closed 
operators in the cohomology. Indeed, T zz was Q-closed on shell classically, but it no 
longer lies in the cohomology since perturbative corrections modify the equations of 
motion. Thus, L n in general destroy cohomology classes in perturbation theory. On 
the other hand, T zz remains Q-exact in perturbation theory, so the charges of L n vanish 
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in the cohomology. It follows that we can still use the same bundle F of local operators 
in the perturbative quantum theory as we did in the classical theory. 

We can now show that the grading by dimension is preserved perturbatively. Since 
Lq — Lq generates Euclidean rotations on the worldsheet, it can take only integer values. 
We know that Lq = in the cohomology, hence L$ must be an integer that is protected 
from perturbative corrections. We have therefore justified the grading by dimension of 
the perturbative chiral algebra. 

In fact, L_i = d z is also well defined in the cohomology. To see this, consider 
first the flat worldsheet S = C. In this case, the theory admits a global translation 
z — > z + a, z — > z + a. This is a global symmetry which commutes with the fermionic 
symmetry. Since [L_i,Q] = 0, it follows that [L_i, Q] = 0. This statement remains 
true for a general Riemann surface, since there are no possible corrections by tensors 
of correct type that survive in the continuum limit Auv — * oo. This in turn constrains 
the possible perturbative corrections to the commutator [Q,T ZZ \. If we plug into the 
equation [Q, L_i] = the expression of then the term involving T zz vanishes, and 
we are left with 

£dz[Q,T zz } = 0. (3.15) 

This implies that [Q,T ZZ ] = d z W for some W. The conservation of R charge, left and 
right-moving dimensions, and the power counting on the target geometry leave only 
two possibilities at one-loop: W oc Rijd z (j) l a^ or g^Rd^a 3 . We will see that the answer 
is the former, much as the one-loop correction to the metric is proportional to the Ricci 
curvature. 

3.2.2 The Cech— Q Isomorphism 

Our next task is to furnish a sheaf-theoretic interpretation of the perturbative chiral 
algebra that we have been discussing thus far. Classically, the sheaf-theoretic inter- 
pretation was established via the Cech-Dolbeault isomorphism (13.51) . In the quantum 
theory, this must be replaced by the Cech-Q isomorphism: 

H%(X, F 9 ' h ) £ H q (X, Z°' h ). (3.16) 

In order for (I3.16P to hold, two points must be addressed: First, we need to ensure that 
Q induces a well-defined morphism on the sheaf of local operators. Second, we must 
show that the argument that led us to the classical isomorphism is still valid. 

The first point is easy. Although the action of Q gets corrected perturbatively, it 
can be restricted to an arbitrary small open set in X since the renormalization can 
be done locally on the target. Hence it still acts as a differential operator on F' ,h . 
In order to answer the second point, we recall two key ingredients in the proof of the 
Cech-Dolbeault isomorphism: the <9-Poincare lemma and the fact that our sheaf is fine. 
We now argue that these properties of the sheaf of local operators carry over to the 
quantum theory. 
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First of all, we note that the <9-Poincare lemma can be formulated as the vanishing 
of the higher cohomology groups on a contractible open set U, i.e., Hg(U, F' ,h ) = 
for q > 0. We need here the Q-Poincare lemma: Hq(U, F' ,h ) = for q > 0. This holds 
from a general principle which states that perturbative corrections can only destroy, 
and never create, cohomology classes@ Hence, the cohomology groups which vanish 
classically therefore continue to vanish in the quantum theory. This proves the Q- 
Poincare lemma. 

The assertion that the sheaf of local operators is fine relies on the existence of a 
partition of unity. Suppose we have a "classical" partition of unity {p a } subordinate to 
an open cover {U a }, so that J2 a p a (4>, 4>) = 1. Quantum mechanically, the left-hand side 
of this equation must be regularized, leading to the renormalized operators {:p a (0, 0):}. 
The right-hand side is of course well defined, thus the renormalization can be done in 
such a way that ^2 a 'p a (4>, 4>)- = 1 holds. This gives a "quantum" partition of unity. 
Hence, the sheaf of local operators is still fine in the quantum theory. 

Given the Q-Poincare lemma and that the sheaf of local operators is fine, the iso- 
morphism (13.161) follows from the same arguments as those used to prove the Cech- 
Dolbeault isomorphism. Therefore, we find that the picture remains the same in quan- 
tum perturbation theory: The cohomology of local operators can be computed from 
Cech cohomology. The chiral algebra can then be obtained by the nontrivial OPE 
between cohomology classes. 

Implicit in the argument above is that we have considered a particular local triv- 
ialization on S. Provided that the anomaly cancellation conditions are satisfied, the 
correlation functions of the BRST sector are diffeomorphism invariant in S. Local op- 
erators can then be consistently defined over all of the worldsheet. This observation 
allows us to ignore the dependence of the cohomology on S from our considerations. 

Let us make a final remark: We have actually discussed all the ingredients which 
are required in the computation of the chiral algebra in any instanton sector A4@. 
Nonperturbatively, the sheaf of local operators is defined over M.p. Since instantons 
are nonpropagating, the short distance singularities come only from the fiber direction 
of the field space (i.e., nonzero modes), and the renormalization can be done locally on 
M.p. Thus, Q induces a well-defined action on the sheaf of local operators. We can then 
use the Cech-Q isomorphism to compute the chiral algebra from Cech cohomology. 

4 The laplacian A = Q*Q + QQ* acts perturbatively as an elliptic operator on a holomorphic vector 
bundle over a compact manifold X, hence the Q-cohomology is isomorphic to ker A by the Hodge 
decomposition theorem. The spectrum of A is discrete since X is compact, so there is a finite gap 
between zero and the minimum nonzero eigenvalue. Although the spectrum is modified by higher 
order perturbative corrections, nonzero eigenvalues never go down to zero assuming that the quantum 
effects are sufficiently small. On the other hand, some of the zero eigenvalues may be lifted. This 
proves the statement. 
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3.2.3 Gluing Free Theories: Sheaf of Chiral Differential Operators 

Although we have established the Cech-Q isomorphism, it is still not quite the end of 
the story. To compute the Cech cohomology group H q (X, Z 0,h ), we first need to know 
what the sheaf Z°' h represents. Since Q receives perturbative corrections that depend 
on the moduli of the theory such as the target metric and the two-form field, the same 
is true of the sheaf Z 0,h of Q-closed local operators. However, it is in general hard to 
capture the dependence of Z 0,h on the moduli. To avoid this difficulty, we will instead 
interpret the moduli as the various ways one can glue fixed known spaces patch by 
patch over the target. We now make this statement precise, and explain how one can 
obtain the Q-cohomology using free theories. 

Let {U a } be a good cover of X. The crucial observation is the following: Since U a 
are topologically trivial, one can deform the theory to make it locally free over any 
given U a . Specifically, one can deform the metric to be flat and the two-form field 
to zero locally over i7 a H Under each such deformation, Q changes by conjugation as 
Q — > Q = e~ Aa Qe Aa , which leaves the Q-cohomology unchanged. In terms of the local 
trivializations, let {f a b} be the transition functions of the sheaf J rq ' h . We consider 

fab = lpa°fab°1Pb 1 i ( 3 - 17 ) 

where ip a is given by O ^ O = e~ Aa Oe Aa . The sheaf J rq,h with the transition functions 
{fab} is then isomorphic to T q ' h . Furthermore, let Q a be the restriction of Q to U a . 
Then, the collection of operators {Q a } glue consistently over X to define a morphism 
Q : T q ' h — > J 7q+1 ' h , and from the way it is defined, the sheaf Z q,h of Q-closed local op- 
erators of T q ' h is isomorphic to Z q,h under the isomorphism T q ' h = T q ' h . In particular, 
we have the isomorphism of the cohomologies: 

H q {X, Z°' h ) H q (X, Z°' h ). (3.18) 

Since the action of Q is determined locally by a free theory, Z q,h consists of <9-closed 
local sections of T q,h . We have thus obtained the description of the Q-cohomology in 
terms of free theories. 

The question is what transition functions {f a b} one should use. Of course, the choice 
°f {fab} is fixed up to isomorphisms once the global theory is fixed. As we mentioned at 
the beginning of this discussion, the problem is that it is hard to determine Z 0,h and to 
hence obtain the original transition functions {f a b} i n the first place, since this requires 
a detailed knowledge of the perturbative corrections. Nevertheless, we can start with 

5 In general, a deformation of the two- form field leads to a different chiral algebra since Ty is 
not globally defined over X. However, it is well defined as a local two- form on each U a , which we call 
T a , if one takes a sufficiently fine open cover. One can define a global two-form T which coincides 
with T a on U a . One can then subtract T from to make the latter zero on U a . Since this operation 
modifies the action by a Q-exact term, it does not change the chiral algebra. 
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the local description by known free theories and construct possible global theories by 
choosing various transition functions {f a b}- 

To understand what constraints must be imposed on the choices of {fab}, let us look 
at how Z°' h is described locally. Sections of Z 0,h are <9-closed local operators, which do 
not depend on 0. In view of the absence of 0, we set /3j = gijd z <ft and Y = 0\ Then, 
a local operator in Z 0,h takes a general form: 

0(7,^7, <9 2 2 7 ,... ;P,d z P,...). (3.19) 

Since (5 has dimension 1, the total number of f3 and ^-derivatives that appear in (13.191) 
is precisely h. The dynamics of these operators are governed by the free (hence confor- 
mally invariant) theory with action 

S = -L / d 2 zmi- (3.20) 

This yields the OPE 

A(z) 7 >) (3.21) 

z — w 

with other combinations being regular. This conformal field theory is called the free 
/3 7 system. In the mathematical literature, the sheaf Z 0,h of local operators of free 
/?7 systems with this OPE structure is called the sheaf of chiral differential operators 
(CDOs) 0. 

The guiding principle in finding consistent { f a b} is the following. The path inte- 
gral measure of the original theory can be constructed by gluing local measures over 
Aio — X geometrically, such that it preserves the OPEs across patches. The same must 
then be true of the description by locally free theories. In other words, the transition 
functions {f a b} must be symmetries of the conformal field theory. They are associated 
with the holomorphic symmetry currents of the free (3^ system. In dimension 0, local 
sections are holomorphic functions and their OPEs are regular. Restricted to these 
operators, {f a b} reduce to the geometrical transition functions of the underlying man- 
ifold X. In higher dimensions, however, the requirement that the gluing preserves the 
OPEs leads to nontrivial transformation laws. 

Let us recapitulate what we have discussed so far in this section. Classically, the chi- 
ral algebra is described by Dolbeault cohomology. One can exploit the Cech-Dolbeault 
isomorphism to recast the Q-cohomology in the language of Cech cohomology. Per- 
turbatively, the action of Q on local operators receives quantum corrections which can 
depend intricately on the moduli of the theory. Even though there is the Cech-Q iso- 
morphism, this itself does not help to make the problem tractable, since perturbative 
corrections enter the very definitions of the sheaves that are used in the Cech coho- 
mology computations. To proceed, we note that sheaf theory is local in nature, and 
locally, the theory can always be deformed to a free theory. One can then reconstruct 
the global theory by "gluing" free /? 7 systems over the target, while the moduli is now 
encoded in the way this gluing is done. 
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4 Chiral Algebra with Instantons: CP Model 



We saw in the previous section that although there are perturbative quantum correc- 
tions to the chiral algebra, the consequences are relatively minor. In particular, the 
grading by charge and scaling dimension of the classical chiral algebra continues to 
hold in perturbation theory. As a result, the perturbative corrections can only de- 
stroy some but not all of the classical cohomology classes; for example, the constant 
operator 1 always defines a nontrivial class. Nonperturbatively, however, we learned 
in Section [2.3.21 that this preservation of the grading is no longer true if c±(X) ^ 0. 
It is then highly plausible that worldsheet instantons can induce radical modifications 
to the chiral algebras of (0, 2) models. Our aim in this section is to provide an il- 
luminating example of such a nonperturbative deformation of the chiral algebra. To 
this end, we will consider the (0,2) model with target space X = CP 1 . We will show 
that under a nonperturbative deformation, the structure of the chiral algebra of this 
simple model will be altered drastically: Worldsheet instantons will destroy all of the 
remaining perturbative cohomology classes, thus rendering the chiral algebra trivial. 

Recall at this point that quantum corrections can only destroy cohomology classes. 
Then, if one wishes to understand the chiral algebra in the full quantum theory, one 
must first know the perturbative chiral algebra. In order to determine the perturbative 
chiral algebra, one in turn needs to start with the chiral theory. 

The classical chiral algebra for X = CP 1 can be concisely described as follows. Let 
0(k) be a holomorphic line bundle over CP 1 given by the kth power of the hyperplane 
bundle, so that TX = 0(2) and T*X = 0(—2). Then, the only nonvanishing Hodge 
numbers are h (O(k)) — k + 1 for k > 0, and /i 1 ((9(A;)) = —k — 1 for k < —2. Let us 
first see how perturbative corrections modify these classical conditions, using the tools 
developed in the previous section. 



4.1 The Perturbative Chiral Algebra 

Let N and S be the "north" and "south" poles of X = CP 1 , and let {U N , U s } be a open 
cover of CP 1 defined by U N = CP 1 \ {S}, U s = CP 1 \ {N}. The local holomorphic 
coordinate on Un is 7, and that on Us is 7' = I/7. On Un, one has the system 
described by 

S = J_ f d 2 z(3d- z7 , (3(zh(w) — . (4.1) 

27T Z — W 

There is the ft'j 1 system on Us defined similarly. A nice thing about using free theories is 
that there is an unambiguous regularization procedure. We will renormalize composite 
operators by the conformal normal ordering, which just throws away the singular part 
of the OPE. 

As discussed, the transition function of the system acting on 7 only, is just the 
geometrical transition function of CP 1 . On the other hand, its action on (3 is determined 
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by imposing the condition that the OPEs among the fields f3' and 7' be the same as 
those among (3 and 7. Hence, we have [2] 

7' = 1/7, P' = -7 2 P + 2d zl . (4.2) 

The term 2<9^7 in the expression for f3' is required by the regularity of the f3'f3' OPE. 

In the case of CP 1 , the chiral algebra splits as A = A '* © A 1 ''. Let us first look 
at A '*. As vector spaces, A ' 9 is represented by zeroth Cech co homology groups, so 
the cohomology classes are given by global sections of the sheaf of CDOs over CP 1 . In 
dimension 0, the relevant local operators are holomorphic functions. Since a holomor- 
phic function on a compact manifold must be constant, A 0,0 is one-dimensional and 
generated by the constant operator 1. 

In dimension 1, we can consider linear combinations of f{l)d z ~f and f{i)(3. Classi- 
cally, operators of the former type are identified as holomorphic one forms in H Q (0(— 2)). 
Since this is empty (it is impossible to impose the regularity globally over CP 1 ), there 
is no cohomology class associated. On the other hand, operators of the latter type are 
holomorphic vector fields in H (O(2)). Classically, we have three such operators; by 
identifying <9 7 with — (3, we can write them as 

J- = 13, J 3 = -lP, J + = -l 2 (3- (4.3) 

The question is whether they have a quantum extension in the perturbative chiral 
algebra. The answer is "yes." Their quantum counterparts are given by p] 

J_ = (3 = -i 2 {3' + 2d zl ', 

h = -1(3 = -i(3\ (4.4) 
J + = - 7 2 /3 + 2d zl = (3'. 

They generate an affine SL(2) algebra at level —2: 

1 



Mz) Mw) 



[z — wY 



Hz)J±{w) ~ ±T^-F, (4.5) 

2 9 T 

J + (z)J-(w) ~ -+ - • 



(z — w) 2 z — w 

The zero mode part generates the SL(2) Lie algebra of the classical theory. This is a 
reflection of the underlying geometry of the target, CP 1 = SL(2)/B, where B is the 
Borel subgroup. 

Next, let us consider A 1 ''. In dimension 0, one already has /i 1 ((9(0)) = at the 
classical level. Thus, ^l 1 ' is empty. In dimension 1, we can immediately write down 
one nontrivial cohomology class as follows. Since Ci(CP x ) 7^ 0, the discussion from 
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Section l3.1.1l ensures the existence of 9 in A ' in the classical theory. This is represented 
by the cocycle {9ns}, where 27tz9ns = ^7/7. Perturbative corrections will not destroy 
this class. Since h}(0(—2)) = 1, this is the only class of the form f(j)d z j. Operators 
of the form f(j)^ do not enter the cohomology since h 1 {0{2)) = 0. Thus, we find that 
A 1,1 is one-dimensional and generated by 9. 

In dimension 2, the nontrivial cohomology groups have Hodge numbers h 1 (0{—2)) = 
1 and h l (0(— 4)) = 3. The first case is generated by the cocycle d z 9. However, it is 
lifted from the cohomology by perturbative corrections. To see this, let Tn = (3d z ^ be 
the holomorphic stress tensor of the (3^ system, and T s = (3'd z j' be that of the fl'j' 
system. (We have omitted the normal-ordering symbol here.) Then, a straightforward 
computation shows that on Un H Us, one has 

T N -T S = 2md z 9 NS - (4.6) 

That is, the cocycle d z 9 vanishes in the Cech cohomology. 

In order to find the sigma model counterpart of (14.61) . we proceed in a similar 
manner as we did to find the representation 9. In the case at hand, Tn and Ts must 
correspond, under the isomorphism from the global theory to the local ^7 systems, 
to the local descriptions of T zz in Un and Us- Then, via the Cech-Q isomorphism, 
the counterpart of H4.6[) in the global description will be [Q,T ZZ ] = 2nid z 9. Thus, d z 9 
is Q-exact. Plugging in the classical expression of 9 derived in Section 3.1 into this 
equation, we obtain (ignoring higher order corrections) 

[Q,T zz ] = d z {R iJ d z <t> i a l ). (4.7) 

In fact, this relation between T zz and d z 9 holds for any target space with c\(X) 7^ 
(see [17], Section 2.4.5). In short, the chiral algebra lacks the holomorphic stress tensor 
whenever C\(X) 7^ 0. This is consistent with the discussion in Section 3.2. 

The other cohomology classes in A 1 ' 2 are easy to find. Here, the Serre duality 
H l (X, 0{— 4)) = H°(X, 0(2))* is rather indicative. Using the perturbative cohomology 
classes we have found already, we can construct new ones: J±9, J 3 9. Thus, we find 
the isomorphisms A ' = A 1 ' 1 and A ' 1 = A 1 ' 2 . In fact, it can be shown [2] that the 
isomorphism A°' h = A 1,h+1 persists in higher dimensions h > 2 as well. 

4.2 The Nonperturbative Chiral Algebra 

We have seen above that in the lowest dimension of the perturbative chiral algebra of 
the CP 1 model, the bosonic (charge 0) and fermionic (charge 1) subspaces are generated 
by the cohomology classes 1 and 9, respectively. Furthermore, cohomology classes of 
higher dimensions are constructed by acting "creation" cohomology classes — which are 
classes in .A '* that are hence bosonic — on the "ground" cohomology classes 1 and 9. 
As we will elaborate in Section 5, there is a striking resemblance between the way the 
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perturbative chiral algebra of the CP 1 model is built up, and the way the Fock space 
of states in the associated closed string on X = CP 1 is generated. 

Given the above analogy between physical states and perturbative cohomology 
classes, one suspects that instantons may connect these cohomology classes in a nonper- 
turbative relation such as {Q, 6} ~ 1. Even though 1 and 9 differ by one in dimension, 
this is possible since instantons violate the scaling dimensions of operators as we ex- 
plained in Section 12.31 If such a relation exists, it will imply that the chiral algebra 
of this model would be completely trivialized — the identity operator 1 will be Q-exact, 
and it will act on any operator to make it Q-exact as well. Let us now ascertain if 
the presence of worldsheet instantons leads to such a dramatic, nonperturbative phe- 
nomenon. 

4.2.1 The One-Instanton Computation 

The supercharge is given by Q = § Jdz, where J = gijdz<P % c^ ■ Then, the commutator 
{Q, 6} will be nonvanishing only if the OPE J(z) ■ 6(w, w) in an instanton background 
contains an antiholomorphic single pole as z — > w. We need to specify the geometry 
of the worldsheet in order to compute this OPE. Since we wish to study the instanton 
effects on a nonanomalous CP 1 model, we will consider the theory defined on a world- 
sheet with trivial canonical line bundle. The physical and twisted models are then the 
same if we choose a trivial spin structure, since the twisting does nothing in this case. 
Hence, let us just focus on the physical model. 

Interesting examples are S = C or S 1 x 1. We will restrict ourselves for the moment 
to instantons of degree one, and consider the lowest order in perturbation theory around 
them. The general case will be treated in the next subsection. To this order, the relevant 
OPEs are computed with respect to a free conformal field theory. Thus, one is free 
to conformally map the infinitely long cylinder and the complex plane worldsheets to 
the sphere by adding points at infinity and inserting vertex operators. Since we are 
considering the physical model, there is no anomaly on the sphere. Instantons are then 
one-to-one holomorphic maps from £ = CP 1 to X = CP 1 , i.e., automorphisms of CP 1 . 

With such an interpretation of instantons at hand, we can now proceed to determine 
the R charge anomaly, which gives us the required condition for the nonvanishing of 
the correlation function. As discussed in Section [2.3.21 the charge anomaly for physical 
models is given by f s 0*ci(X). For X = CP 1 and de gree one instantons, this is 2. 
Hence, for the correlation function to be a priori nonvanishing, it must contain exactly 
two a zero modes so that they can soak up the zero modes present in the path-integral 
measured We wish to compute the singular part of the correlation function 

I = (J(z)6(w,w)) (4.8) 

6 More precisely, the index which quantifies the charge anomaly is given by the difference in the 
number of a and p zero modes. However, there are no p zero modes in the present case. 
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in the one-instanton background. Since J and 6 each has one a field, this in general 
does not vanish. Note that the integration over the fermionic nonzero modes yields the 
fermionic determinant Det' Ap, which is just a constant after an appropriate regular- 
ization. Similarly, the integration over the instanton moduli space does not produce 
short distance singularities either, since instantons are non-propagating. Hence, the 
relevant term in I comes from the integration over the bosonic nonzero modes. 

For an M = (0, 2) supersymmetric sigma model on a Kahler manifold, the two-form 
field Tij = 0. The action is then given by 

S= T I dh ® i 9 ^ 9 ^ + P iD '°^) + S b- ( 4 - 9 ) 

Expanding the bosonic action <p = <fio + if around an instanton <po and keeping only the 
quadratic terms, one obtains 

S = J dhg^fo, fo)d s <p%^. (4.10) 

Although instantons are global on the target, the fluctuations ip are local in nature. 
Hence, the correlation function I can be computed using the following OPE derived 
from the above free field action So: 

(p\z, z)if?{w, w) c/ iJ (0oH, 4> Q {w)) In \z - w\ 2 . (4.11) 

Recall at this point that we are looking specifically for antiholomorphic single poles 
in I. From the explicit forms of J and 9, we have 

/ = < [g % M^) (*) M^ fe « r ) (w, w)) (4.12) 

Since the zeroth order of the expansion of a(z)a(w) around w vanishes by Fermi statis- 
tics, we must find contractions in / that produce antiholomorphic double poles. Seem- 
ingly, there are none. 

However, there is a fine subtlety here. We saw in Section 12.3.11 that a can be 
expanded in eigenmodes of the laplacian as 

a(z, z; (p) = ^ c o u oA z ' % <t>) + ^ c n u n (z, z\ <\>). (4.13) 

r n 

As noted there, these eigenmodes contain fluctuating bosonic modes, and therefore, 
they can produce short distance singularities upon interaction with other fluctuating 
fields. 

For this reason, we must examine more carefully the dependence of the fermionic 
zero modes on the bosonic field. Let us recall how we could parametrize the field space 
near instantons. A point (f) in the neighborhood M.' of the instanton moduli space 
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M. C Map(£,X) can be identified with a vector at a nearest point <p G A4. This 
vector can be expanded in the eigenmodes as 

<p(z, z;<p ) = ^2a n u n (z, z;(f> ), <p{z, z; fa) = ^2a n u n (z, z; fa). (4.14) 

n n 

Together with the complex parameters {Q} of instantons, the coefficients {a n } define 
holomorphic coordinates on M! . We will write the full dependence of the bosonic field 
as (p l (z, z; (, a). By construction, the dependence of an instanton is fa(z; () . Via the 
identification T((j)*TX) = T^Ai', we may view a(z,z;<p) as an odd vector in T^M.' . 
Thus, it can be expanded as 

a(z, z;<p) = J2 ^d/dQ + £ c n d/dd n . (4.15) 



As vector fields, d/dQ, d/da n G T^M.' have components dfa/dQ and d(f) t /da n , respec- 
tively. On M. they reduce to wo,r and u n , and also, the coefficients co, r , c n reduce to 
c r and 

A one-instanton maps the worldsheet to a two-cycle in the target in a one-to-one 
manner. Hence, we may also specify the bosonic field as <j) l (4>o, <f>o] C> a )i which is related 
to the previous presentation by 

<j)\z, z; C, a) = ft(fa(z; C), fa(z; C); C, a). (4.16) 

Then, the expansion of a becomes 

c?(z, z; 0) = V c^#° + f-) + E o nd f- (4-17) 
But since d 2 (j) 1 = d 2 (fild(f) l /d(j)l, we see that the zero mode part of a contains^ 

E^f^&m- (4 - 18) 

Clearly, <9 2 l in the a zero mode in 9 can now contract with dz<fi l in J, and produce 
an antiholomorphic double pole; indeed, we find that the integration over the bosonic 
nonzero modes in / gives the term 

(^A^o^—r) ( w > E c o c o«o,r(^; 0o)«o, s (w; 0o)- (4.19) 



(z -w) 2 \ d, 



7 The other terms in the expansion (|4.17[) do not contribute at the end of the computation. As 
such, we will omit their discussion. 
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Above, we have omitted for clarity of discussion, higher order terms that are negligible 
in the large volume limit, and those terms that give rise to Q-exact quantities in the 
final computation. 

The rest of the computation goes as in [T8l [T9l [20] . An instanton of degree one, 
which is an automorphism of CP 1 , is given by 

M>) - %±l, (4-20) 

where a, b, c, d are complex numbers with ad — be = 1. One-instantons thus form 
a three-dimensional moduli space The a zero modes can be obtained from the 

superconformal variations of 4>o'- 

«o,i(*) = z— -j, u , 2 {z) = , — — ~ j, ^ • (4.21) 
cz + d c{cz + d) 1 

Now, note that the correlation function I is computed as 

1 = j dMidcldclVy!e~ s J{z)9{w,w), (4.22) 

where dM.\ is the volume form of A^i, and T>\J is the measure for nonzero modes. Plug- 
ging (14.191) in for the bosonic nonzero mode integration, and performing the integration 
over the a zero modes and fermionic nonzero modes, we obtain 

(J(z)6(w,w)) = e-*Det'A F / dMt — ^(ftA^oK™. w)- — ^ 

J Mi *~V (0Z + d) (4 23) 

= e~* Det' Ap / dMi (gifi^) (w, w)<9 f J o (z), 

J Mi Z — W 

where t — Sb for one-instantons. Performing the contour integral over z around w, this 
becomes 



({Q,9}(w,w)) = e- t Bet'A F / dM x (gi^<F Q dvfa)(w,w). (4.24) 

J Mi 

Now, we can trade the integration above over one of the parameters of the instantons 
with the integration over the location (w, w) of 9. This yields 

({Q,9}(w,w)) oc e~*Det'A F / (p*u, (4.25) 

where u is the Kahler form. The right-hand side is just the partition function in the 
zero- instanton sector (l) , multiplied by the instanton factor e~*. Therefore, we indeed 
have the relation {Q, 9} ~ 1 in the one-instanton background. 
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4.2.2 Trivialization of the Chiral Algebra 

We have shown above that there is a relation {Q, 9} ~ 1 induced by instantons of 
degree one, which implies that O ~ {Q, 09} for any Q-closed operators O. Hence, 
the chiral algebra is manifestly trivialized in the presence of one-instantons. Since 
in general quantum corrections cannot create cohomology classes, the chiral algebra 
should remain trivial in the full quantum theory — where one considers instantons of all 
degrees, not just those of degree one — if it is already trivialized by one-instantons. We 
now argue that this is indeed the case. 

The idea is to construct corrections to a Q-exact operator O order by order in ac- 
cordance with the degree of instantons, and show that the corrected operator, although 
Q-closed under the instanton-corrected action of Q, is again Q-exact at each order. Let 
us begin by writing the supercharge as Q = Qo + e~ l Qx + e~ 2t Q2 + • • • . We write 
= Yln=o e ~ nt Qi- What we want to show is that if the Q ^-cohomology is trivial, 
then the Q( fc+1 )-cohomology is also trivial. Below we illustrate how this works in the 
case of k = 0. 

Let O be a Q - C l° se d operator. Since the -cohomology is trivial by assumption, 
Oq = {Qo, V } for some V . After the correction Qx is included, O will in general not 
be Q-closed any longer. Suppose we can find a correction 0\ so that {Qo + e~ t Qx, O + 
e~ l O\} = 0. The correction 0\ must satisfy the equation 

{Qo, O x } + {Qx, O } = {Qo, Ox} + {Qi, {Qo, V }} = 0. (4.26) 

On the other hand, from the required nilpotency of Q^ = Qo + e~ l Q\, we obtain 
{Qo, Qx} — 0. Using this, the above equation becomes {Qo, Ox — {Qx, K)}} = 0. Thus, 
Ox — {Qx,Vq} defines a Q^ -cohomology class, and again by assumption, there exists 
Vx such that Ox - {Qx, V } = {Qo, Vi}. It then follows that 

Oo + e-'Ox = {Qo + e-'Qx, V + e^Vx}. (4.27) 

We thus conclude that any QW-closed operator Oo + e^Ox must actually be Q* 1 •'-exact, 
i.e., the Q ^-cohomology is trivial. 

In our case, the Q-cohomology becomes empty after the one-instanton corrections 
are taken into account. The one-instanton computation captures Starting from 

this trivial Q ^-co ho mo logy, one can easily show that the entire chiral algebra is trivial 
in the full quantum theory by repeatedly applying the same argument as above. 

A number of interesting observations follow from this trivialization of the chiral 
algebra. One of them is that the generating series of the chiral algebra 

oo 

A (q) = g^ 12 (l h (-1)^) (4-28) 

h=0 

vanishes nonperturbatively, even though it is nonzero in perturbation theory due to a 
shift in dimension between .A '* and A 1 '* 0. This should be contrasted to the elliptic 



24 



genus, which is defined with respect the cohomology of states and receives no quantum 
corrections either perturbatively or nonperturbatively. 

Another point to note is that the local operators J±, J3 are automatically lifted out 
of the supersymmetric spectrum. As discussed earlier in the previous section, these 
operators are intimately related to the geometry of X = CP 1 . Therefore, one can in 
some sense interpret this as a "quantum" deformation of the geometry of the target 
space by worldsheet instantons. 

4.2.3 Supersymmetry Breaking 

The trivialization of the chiral algebra also results in nontrivial consequences for the 
supersymmetric spectrum. Let |\&) be a Q-closed state, i.e., Q\^f) = 0. In the presence 
of worldsheet instantons, we have 

l-|tf)~{Q,0}|tf) = Q(0|tf'))- (4.29) 

In other words, all Q-closed states are actually Q-exact. This means that there are no 
supersymmetric states in the full quantum theory. Perturbative supersymmetric states, 
which are characterized by the condition L = 0, are lifted by instanton effects, leading 
to a spontaneous breaking of supersymmetry. Let us now turn to a closer look at this 
phenomenon from the canonical quantization viewpoint. 

5 Holomorphic Morse Theory on Loop Space 

In the context of supersymmetric quantum mechanics, Morse theory provides a powerful 
tool to analyze the nonperturbative supersymmetric spectrum [21]. To adapt this 
approach to our case, we must make two generalizations. First, our models are quantum 
field theories in two dimensions, so we must consider Morse theory on loop space 
along the lines of Floer [22] • Second, since we have supercharges only in the right- 
moving sector, we must consider holomorphic Morse theory [23]. As a result, the 
supersymmetric spectrum is less constrained (in particular, it is infinite-dimensional), 
and the applicability of Morse theory is severely restricted. Nevertheless, as we will 
demonstrate, holomorphic Morse theory on loop space will prove to be fruitful, as it will 
provide us with further insights into the physics that underlie the spontaneous breaking 
of supersymmetry in the CP 1 model. Moreover, we will find that under a "quantum" 
deformation of the target geometry, the kernels of certain twisted Dirac operators on 
CP 1 will become trivial. An interesting attempt to study quantum mechanical models 
from this perspective has also been undertaken by Frenkel et al. [24J. 

5.1 Canonical Quantization of (0,2) Models 

Since our discussion will revolve around physical states, it will be most illuminating to 
proceed with the canonical quantization viewpoint. Doing so will lead us naturally to 
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super symmetric quantum mechanics on loop space. But first, let us review how states 
emerge in the context of path integrals. 

Suppose that one punctures a small hole D 2 in the worldsheet E. To compute the 
path integral with this worldsheet, one has to specify the boundary condition <&\gi on 
the boundary circle S 1 = dD 2 , where we have written all the local data (i.e., fields and 
their derivatives) collectively as $. More generally, one may assign a weight ^/(^l^i) 
to each boundary condition so that the correlation function is given by 

<II *>* = / V*e- s W*(*\si)l[O a (Q). (5.1) 

a a 

In this expression, we have explicitly indicated the boundary condition used in the path 
integral. The wavefunction \l/ defines a state \^). 

Symmetries of the theory induce transformations of states as they change the bound- 
ary conditions. Suppose a symmetry transformation U acts on fields by $ — > under 
which the action and the path integral measure are left invariant, i.e., S(&) = S(& u ) 
and Z>$ = T><& u . By performing a change of integration variables, we see that the 
correlation function ( 15.1ft satisfies 

I p$ e - 5 (*^($| 51 ) Y[ 0„($) = / £>$ e- s ^V($ u \ s i) Y[ O a ($ u ). (5.2) 

a a 

If we now define a new state ^ u and operators by ty u (Q\si) = and 
0^($) = O a ($ u ), we obtain 

<n°->.=(ii o ?>^- ( 5 - 3 ) 

a a 

Hence the transformation ^ — > ^ u and O a — > leaves the correlation function 
invariant. The former thus gives the action of U on states, while the latter is the 
transformation of operators which appears also for closed worldsheets. If U is a con- 
tinuous symmetry, such is the case for supersymmetry, its generators act as differential 
operators on the space of states. We will see this explicitly in a moment. 

To make a transition to supersymmetric quantum mechanics, we need to introduce 
a time direction. Thus, let us take the worldsheet to be an infinitely long cylinder 
S = 5* 1 x R with a flat metric ds 2 = da 2 + dr 2 , where a = a + 2n. This is topologically 
equivalent to a CP 1 with two points removed. In this case, we have two boundaries 
on E, one for each end of the cylinder at infinity. The action diverges and hence 
amplitudes vanish unless ||<9 T 0|| — > as r — >• ±oo. The boundary conditions for 0(a, r) 
are then specified by its asymptotic behavior, i.e., the loops <f>{a, ±oo). In the purely 
bosonic case, a state is thus a function on the loop space LX = Map(S' 1 , X). 

In our supersymmetric case, we must also consider the fermions. For the boundary 
states to be invariant under supersymmetry, the fermions, like the bosons, must depend 
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only on a as r — ► ±00. Thus, their boundary conditions are specified by a(a, ±00) 
and p(a, ±00). The fields at infinity define an infinite-dimensional supermanifold, which 
has LX as its underlying manifold. States are functions on this supermanifold; as 
we will see, we may interpret them as spinors on LX. In this sense, our theory is 
super symmetric quantum mechanics on LX. In the Schrodinger picture, the fields at 
time t define a state which is a spinor at <f>( ■ , r) G LX given by a( ■ , r) and p( • , r). 
Once a field configuration is specified over the cylinder, it describes a complete evolution 
of the initial state at r = —00 that ends up with the final state at r = +00, with the 
amplitude weighted by e~ s . 

Let us now canonically quantize the theory. We will assume that the target space 
X is Kahler, and set the S-field equal to the Kahler form w = (i/2)gijd(p l A deft. Then, 
our action will be given by 



S 



J dadr (Ig^d^d^ + d a (p%^) - p a (D T + iD a )</} . 



(5.4) 



where z = o + it, d 2 z = idz A dz, and the covariant derivatives are taken with respect 
to the spin connection. Upon quantization, the fermions obey the anticommutation 
relation 

{p- a (a, r), «>', r)} = 2*5*6 (a - a 1 ). (5.5) 

This is a loop-space analog of the Clifford algebra. On the other hand, the quantization 
of the bosonic field identifies the functional derivative on LX as 

w = ^ 9tA ^ w = ^ 9lM3 + (5 - 6) 

Note that the second equation is free of the ambiguity associated with the operator 
ordering, thanks to the antisymmetry of the spin connection. 



5.2 Perturbative Supersymmetric Spectrum 

We now turn to the analysis of the supersymmetric spectrum. In the M = (0, 2) case, 
supersymmetric states must be annihilated by Q and Q\ Combined with unitarity, it 
follows that the supersymmetric spectrum consists of states which satisfy {Q,Q^} = 
(H — P)/2 = L = 0. As P is unbounded, the space of supersymmetric states is in 
general infinite-dimensional. 

Since the supersymmetric spectrum is the harmonic space of Q, it is also isomorphic 
to the Q-cohomology of states, where each cohomology class has a unique representative 

8 We make the replacement p — > — ip to simplify formulas. Then, {Q,p 1 } = —id s (j) 1 . 
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given by a supersymmetric state. To determine this spectrum of states, it will be useful 
to introduce operators 

If f - D 

Qo = — dagija l d T 4P = / daa 



Here the covariant functional derivative is given by 

D 5 1 



In view of the anticommutation relation (15.51) . this is a loop-space generalization of the 
covariant derivative. One may consider Q as "half" the Dirac operator on LX, while 
Qo being the other half. 

The point of introducing such operators is that they can be deformed to the actual 
supercharges without altering the cohomology. Let h be a function on LX. We consider 
the conjugation 



Q s = e sh ^Q e- sh ^ = Qo - ± [ dad bh 

2vr J s i 

Qt = e-^Qle^ = Ql-ff do A 

Z7T Jql O0 1 



(5.9) 



These are supercharges of the theory defined by the action 

= h //^^^^^ J +2 S V J 00- + fermions). 



(5.10) 



The function h in our present context can be described as follows [25]. Given a loop 
7 G LX, let 7„ : [0, 1] — > LX be a homotopy connecting 70 and 71 = 7, where 70 is 
a reference loop in the component of LX in which 7 lies. Such a homotopy defines a 
map 7 from the annulus A = [0, 1] x S 1 to X. Then, ^(7) is the pullback of the Kahler 
form by 7: 

h(j) = f fu. (5.11) 



Under a variation £7 of the loop, h changes by 

5h= l -[ dai-g^Yd^ + g^Srf. (5.12) 
z Js 1 
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Plugging this in ( 15. 91) . we obtain 



Q 



s 




dog^a % {d T — isd^ft , 



(5.13) 



Ql 




From this expression, we see that the deformed supercharges reduce to the supercharges 
of the original theory when s = 1. Since the cohomology remains unchanged under 
conjugation, we find that the Q-cohomology is isomorphic to the Qo _c °homology, which 
is a spinor cohomology on LX. 

The structure of the harmonic space simplifies considerably if we work with the 
deformed supercharges. Note that A s = {Q s , Q\} contains a "potential" proportional 
to s 2 : 



Hence in the limit s — > oo, super symmetric states must localize around the critical 
points of h in LX. In the present case, they are solutions of the equation d a <p = 0, 
i.e., constant loops. Intuitively, this can be understood as follows. From (15.131) . we see 
that Q s is the supercharge of the theory defined on the worldsheet with coordinates 
(a s , t) and metric da 2 + dr 2 , where a s = a/s. The circumference of the cylinder is 
2tt/s. As s gets larger and larger, the cylinder becomes narrower and narrower. It then 
takes an increasing amount of energy to "stretch" the loop to make a large circle in the 
target space. 

Since tiny loops cannot "feel" the curvature of the target space, the harmonic space 
may be approximated by the Fock space of free closed strings. One can then sys- 
tematically construct the harmonic space order by order in 1/s. Looking back at the 
expressions (I5.13P of the deformed supercharges, we notice that the parameter s ap- 
pears only in the combination sg^. Thus, as far as the supersymmetric spectrum is 
concerned, the expansion in 1/s is equivalent to sigma model perturbation theory. The 
widths of localized supersymmetric states are controlled by 1/s, and by increasing s 
we are effectively inflating the target space. 

To construct the Fock space, we first expand the fields in the eigenmodes of iD a . 
At each r, let 4>o{t) be the center of the loop 0( • , r) G LX defined by the zero mode 
of the Fourier expansion in a given local trivialization. Using geodesic coordinates, a 
fluctuation of the loop around the constant loop <po{ T ) £ LX can be identified with 
a vector field (f(<J, r) over S 1 x {r} valued in T^^X. The fermionic fields can also 
be considered as vector fields at the center. Pulled back to S 1 x {r} by the constant 
loop 0o (t) j the covariant derivative iD a reduces to id a . Thus, the mode expansions are 




(5.14) 
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given by 



oo 

-ina 



^(a, r) = s- 1 ' 2 J2 AO")* 4 "*, P>, r)= fi( T ) e ~ 

n^O n=-oo 

( 5 - 15 ) 

<p\v, r) = s- 1 ' 2 €(r)e m % a a (a, r) = £ <(r) e -^. 

n^O n=— oo 

The factor s -1 / 2 is introduced to keep track of the order of perturbation. At the lowest 
order in perturbation theory, this is equivalent to a Fourier expansion. 

The bosonic left- and right-moving raising-lowering operators, denoted respectively 
by c n and c n , are written in the Schrodinger basis as [26] 

__,-f„.jr 9 n " ^ v 9 n 



o a (5.16) 

a n ■ \ _ .fan 



They obey the familiar commutation relations [c^, c n j] = [c^, c n j] = Tn5j5 m: — n . The 
fermionic modes, on the other hand, satisfy {pa,m, a^} = 5|5 m _ n , where the zero mode 
part generates the Clifford algebra. Now, the Fock space is constructed by applying 
raising operators {n < 0) on a ground state given by a spinor ^onl: 

oo 

|0; V) = iKtfo) exp (- ^9iM {^J- n + <tUZ)) U U < ( 5 - 17 ) 

n=l n>l o 

which is annihilated by lowering operators (n > 0), and on which po, «o act by Clifford 
multiplication. Every time a raising operator is applied, it creates an index of either 
TX or T*X. Thus, a general excited state is a spinor twisted by some combination of 
tensor products of TX and T*X. 

Expanding (15.131) at order s°, we obtain the expressions for the supercharges in 
terms of the raising-lowering operators: 

; -* (5.i8) 



where the covariant derivative with respect to 0o is twisted by the bundle mentioned 
above. The fermionic and the right-moving bosonic raising operators increase A s by 
order s; hence they do not enter the supersymmetric spectrum. Restricted to states 
which have A s = at the lowest order, the supercharge Q s reduces to half of the 
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twisted Dirac operator. Therefore, we find that the Q-cohomology, which is a spinor 
cohomology on LX, is approximated by a direct sum of certain twisted spinor coho- 
mology groups on X. More precisely, states of the form c l l ni ■ ■ ■ c l \ ■ c z l ni ■ ■ ■ c l i n |0; tjj) 
with ni + ■ • • + n k = N and hi + ■ • • + fi[ = N are sections of the bundle S (g> Rn <8> Rir, 

where £~ q k R k = <g>~ ®Zo ' T*X). 

As long as the parameter s is not strictly infinite, there are perturbative corrections 
to Q s . For example, at the order s~ 1//2 , it contains a term of the form 

o^RykM 0i 2 <M oc 4^(0o)(ci 2 - 4)(cf - c\){c\ - c l _ x ). (5.19) 

If we let this act on \T ZZ ) = gij((f> )c t _ 1 c'_ 1 \0; if)), where ^ is a harmonic spinor on X, we 
obtain 

("0^(00)^2^4) ■ g is {<f>o)(ti(Li\0; il>) oc R^ji^alcL^O; if>) + ■ ■ ■ , (5.20) 

where the abbreviated terms have nonzero values of A s at the lowest order in pertur- 
bation theory. Since quantum corrections can never create new cohomology classes, we 
can immediately conclude the following. The state \d z 6) = R I j((j) )aQC ! _ 2 \0]ip), which 
is Qs-closed at the order s°, gets perturbative corrections as shown on the right-hand 
side of (I5.20p . However, \d z 6) is now Q s -exact, i.e., Q s \^) = \d z 0) for some |\&). 
From (15.201) . we see that the state |\&) must be \T ZZ ) after the perturbative corrections 
are included. We recognize this as the Hilbert space counterpart of the operator relation 
[Q,T ZZ ] = d z 9 in sigma model perturbation theory. 



5.3 Perturbative Spectrum of the CP 1 Model 

Now that we have obtained a fairly clear picture of the perturbative supersymmetric 
spectrum, let us specialize to the case of our interest where X = CP 1 . To further 
simplify the analysis, we modify our function h. Let / be a Morse function on X, with 
discrete critical points. We then take h to be 

h = [ fuo + V - [ daj*f, (5.21) 

where v is some real number. As we will see shortly, this modification will "push" the 
perturbative supersymmetric states to the critical points of /. 

As before, the harmonic space in the large s limit is spanned by the critical points 
of h, that are loops obeying the equation 

g*jjp = id^ + viyn = 0. (5.22) 

One can easily show that d a f = for such configurations. Although it is possible that 
the vector field V/ generates a U(l) action, in which case one obtains nonconstant 
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loops winding along contour lines of /, one can kill these configurations by choosing a 
noninteger value for v. Then, only constant loops at the critical points of / will be left. 
We will take < v < 1 in what follows. 

Next, we cover X = CP 1 with two open sets U s = CP 1 \ {N} and U N = CP 1 \ {S}, 
described by coordinates and 0' = 1/0, respectively. We equip the target space with 
the Fubini-Study metric 

1 

;i + 

For the Morse function /, we use 



g((f),(j)) = - ■ n — {d(j)®d(j) + d(t)®d(j)). (5.23) 



which generates the vector field V/ = 4>d^ + 0<9^ = — 0'c^ — 4>'d^/. The critical points 
of / are thus S with = and N with 0' = 0. Localized around each critical point are 
perturbative supersymmetric states. We now identify the spaces Hs and Hn formed 
by these states. 

Let us go back for a moment to the two supercharges deformed by the func- 
tion (15.111) . In this case, perturbative supersymmetric states are twisted spinors, whose 
supports in general spread over the whole target space. The perturbative supersymmet- 
ric spectrum naturally splits into two subspaces as Ho © Hi according to the fermionic 
number, or equivalently, the chirality of states. We first consider the space Ho- Pertur- 
batively, states with fermionic number are trivially annihilated by Q\. Then, states 
in Ho are characterized by the property that they are annihilated by Q s . Now, the 
supercharge deformed by the function (15.211) can be obtained by further taking the 
conjugate Q s — > e su ^ 27T Q s e~ su ^ 2n . Accordingly, Tt is mapped to an isomorphic space 
by |\&o) — > e su f/ 27T \^o). States with fermionic number are then pushed in the limit 
s — ► oo to S where / is minimum. Thus, we find that Hs — Ho. By exchanging the 
roles of Q s and Q\ in the above argument, we see that states with fermionic number 1 
are pushed to N where / is maximum, and we have Hn — H\. It is straightforward 
to generalize this construction to target spaces of higher dimensions. In general, the 
perturbative supersymmetric states localized at a critical point with Morse index p 
have fermionic number p. 

The spaces Ho and Hi are isomorphic to one another; they are related by a complex 
conjugation on the target space. We then also have Hs — Hn- This implies that instan- 
tons can pair up all the states in Hs and Hn, and lift them from the supersymmetric 
spectrum. 

5.4 Instantons in the CP 1 Model 

We have described above the perturbative supersymmetric spectrum of the CP 1 model. 
Starting from this space, we can compute explicitly the full supersymmetric spectrum 
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by considering the Witten complex [21], in which the nonperturbative action of Q s is 
given by the quantum tunneling between states localized at different critical points. 

A nonzero matrix element (\l//|Q s |\I/j) indicates the existence of instantons con- 
necting the initial state and the final state Note here that \J/j can have pos- 
itive energy, since supersymmetric states in the Af = (0, 2) case need only to satisfy 
{Q, Q^} = (H — P)/2 = (or a similar condition deformed by h). If this is the case, 
decays exponentially fast as it propagates and will hence never reach the other end of 
the infinitely long cylinder. Thus, we must use e~( H ~ p ^ T in place of e~ Hr to propagate 
this state along the cylinder, canceling the decay by the exponential factor e Pr . Using 
the deformed supercharges, we can express the matrix element as 

(*/|g.|*<> = lim \, r(9f\e-^ T [Q.,h]e-^ T \%) + 0{8-V a ), (5.25) 

T^oo Ii^t) - /i(7_ T J 

where 7 r = <f>( ■ , r) G LX (see [25]) Chapter 10). A straightforward computation shows 
that A s = (H — sP„)/2, where P v = P + ivJ and J is the complex structure of X. 

The amplitude that appears on the right-hand side of (I5.25P can be computed via 
the path integral around instantons: 



( 7 _t). (5.26) 



One obtains the equation which governs instanton configurations by setting the Co- 
variation of the fermions to zero: <9 T 0' —2sg^5h/ ' = 0. Thus, instantons are ascending 
gradient flows of the Morse function h on LX. Explicitly, it reads 

(d T — isd a — sv)(j) = (d T — isd a + sv)<j>' = 0. (5.27) 

The wavefunctions \I/ f are sharply peaked at S or N. Appropriately normalized, 
they contain delta functions centered at the corresponding poles in the limit s — ► oo. 
Thus, we have only to look for instantons connecting the two poles. Recalling that 
< v < 1, we see that instantons going from S to N are <p ^ e~ ma+s ( n+u ' )T for n > 0, 
while those going from N to S are 4>' cx e - ma + s ( n - u ) T f or n > 1. The path integral (15.261) 
vanishes unless we have precisely one a zero mode and no p zero modes. This condition 
leaves^) only <p cx e SUT and <p' oc e -' L<T + s ( l - u ) T _ The same conclusion can be obtained by 
requiring that the Morse index of h, which is equal to the fermionic number, increases 
by one as instantons goes from one critical point to another. 

As a first example of an instanton effect, we consider the amplitude going from a 
ground state |0; S) at S to another ground state |0; N) at N. These states are connected 



9 The equation for a zero modes is (d T + isd a — sv)u l = 0, and that for p zero modes is (d T + isd a + 
su)vi = 0, written in the coordinates of Us- They are solved by u cx e ltcr + s ( l +") T an d v cx e »mo-+s(m-i/)T_ 
Imposing ||u||, ||u|| — > as r — > ±oo, one obtains the conditions — v < I < 2n + i> and v < m < —2n—v 
for instantons going from S to N. Similarly, one finds v < I < In — v and —v < m < — 2n + v for 
instantons going from N to S. 
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by a family of instantons 

KM = e -(-^)+-o (5.28) 

parameterized by o"o, r G R. Since these are worldline instantons which do not depend 
on a, the problem reduces to supersymmetric quantum mechanics on X. The ac- 
tion (15.101) for these instanton configurations is, as h in the case of worldline instantons 
is simply given by /, 

s h = — / drd T h(K,r a ) = 7r(f( N ) ~ f( s ))- ( 5 - 29 ) 

After the integration over the fermionic zero mode is done, we perform the integration 
over the instanton moduli space and obtain, up to a numerical factor, 

f dr da e~ Sh [ dad TQ K,r Tl(K-ro) oc f dr da e~ 5fe <9 To /i(0 CTo , To ) 
J Js 1 ocp J (5.30) 

Here, we have used the fact that neither the wavefunctions nor the Morse function h 
depend on the phase of 0cr o ,T O ; an d (pa ,r = 4>a ,T Q U P to a phase. Plugging the above 
result in (I5.25p . we finally obtain 

(0; N\Q s \0; S) oc (Def A^/V^/W-ZCS))^ ( 5 .31) 

where Det' is the bosonic determinant that is only partially cancelled by the fermionic 
determinant since the theory lacks left-moving fermions. Since instantons are ascending 
gradient flows of h, this amplitude is exponentially suppressed, indicating that it arises 
from nonperturbative effects. 

Since there is no other destination which Q s \0; S) can connect to, we conclude that 
|0;iV) oc Q s \0;S). Note that this relation conserves the fermionic number. This is 
because worldline instantons are "classical" instantons, which detect the classical ge- 
ometry of the target: As |0; S) and |0; N) are ground states corresponding to harmonic 
spinors, this phenomenon is just a reflection of Lichnerowicz's theorem in classical 
geometry that there are no harmonic spinors on CP 1 because of its positive scalar 
curvature. 

The second example is provided by = c_i|0;iV) and \tyf) = c_i|0;5). From 
the expressions (15.161) and (15.171) in the Schrodinger basis, we see that oc 0l_ x jO; N) 
and \^f) oc 0_i|O; S). Since the instantons 

0' CTOjTo (a,T) = e^Wi-^) (5.32) 

have excitations of the modes <\>'_ x and 0_i, they may connect the initial and final states. 
Although perturbatively Q s \^i) has fermionic number 2 and \^ff) has 0, this lifting is 
possible due to the charge anomaly — the charge violation is exactly <p*Ci(X) = 2 for 
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instantons of degree one on X = CP 1 . This time the path integral (15.261) contains 
the factor 0i(T)0'_ 1 (— T) oc e~ 2s ( 1 ~ u ' )T from the wavef unctions, but this is cancelled by 
e 2sP„($ 4 )T_ reg ^ Q £ ^ e com p U ^ a ^i on proceeds as in the first example, and we obtain 

(tf/lQ.ltfi) oc (Det , A B ) 1 / 2 e- s( ' l(7oo) -' l(7 - oc ))/2?r . (5.33) 

In contrast to the first example, this nonvanishing amplitude is induced by worldsheet 
instantons which depend on both a and r. They wrap the target space once as they 
propagate from iV to S, sweeping out its fundamental class. There is an interesting 
complication in determining the quantity h(joo) — /i(7_ DO ), due to the multivaluedness 
of the function /io However, in the present case we have instantons connecting two 
critical points on LX and they are all homotopically equivalent. Therefore, the relative 
value of h is still well defined. For the worldsheet instantons, this is given by the usual 
weight for instantons of degree one, and the contribution from the Morse function / 
on X. 

There is also a physically intuitive way to understand why the above lifting is 
possible. Since the connection vanishes at N and S, the covariant derivative iD a 
reduces to id a at r = ±00. Suppose that we have an eigenmode <p n (a, r) of iD a , whose 
eigenvalue at r = —00 is n, so that <p n (<T, —00) = e~ mcr . Let us see what happens to the 
eigenvalue as this eigenmode propagates along a worldsheet instanton configuration. 
Letting %D a act on (p n , we have 

%D a (p n = id a ip n + id^'Y^ipn = %d a (p n + - - rj^ <Pn (5.34) 

in the coordinate patch U^. The a-dependence of (p n remains to be e~ mcr , since the 
eigenvalues of id a can only take integer values. On the other hand, the connection 
term changes from to 2 as the instanton propagates from N to S. We then see 
that the eigenmode (p n must have eigenvalue n + 2 at r = +00, which means that 
V?n(0? +00) oc e~*( n+2 )°" in the coordinates of Us- Thus, we have found the spectral flow 
a n — > a n+ 2- As the state c_i|0; N) propagates from iV to S, the structure of the Dirac 
sea is altered as 

00 00 

[J Oi n > Y\_ a n- (5.35) 

n=0 n=2 

Thus, there is now a hole in the Dirac sea. This can be filled by ot\ contained in Q s , 
and one obtains the Dirac sea for states localized at S, which do not have «o- 

10 To see why it arises, we must go back to the definition of h. Let us look at the part given by the 
Kahlcr form of X. The loop space LX is connected for X — CP 1 , so we can take the constant loop 
at S to be our reference point 70 £ LX. Given another point 7 € LX, we construct a homotopy "f u 
connecting 70 and 71 = 7. In principle, there are many different choices for this. Any two such 
homotopies can be combined to a closed path in LX that defines a map S 2 — > X, where the two 
poles of the sphere are identified. If this defines a nontrivial 2-cycle in the target, then the value of h 
changes by the Kahler class evaluated on that cycle. 



35 



5.5 Loop Space and Quantum Geometry 

Let us summarize what we have found in this section. We have seen, by deforming the 
supercharges using a Morse function, that the Q-cohomology of states for X = CP 1 is 
given perturbatively by the Fock spaces of closed strings with fermionic number and 1 
located respectively at S and N. States are therefore constructed from perturbative 
supersymmetric ground states |0; S) and |0; N). At this level, the bosonic and fermionic 
supersymmetric spectra are manifestly isomorphic due to the double degeneracy of the 
Ramond sector. The classical geometry of CP 1 induces a "classical" instanton effect 
that lifts |0; S) and |0; N) from the supersymmetric spectrum. In addition, worldsheet 
instantons lift c_i|0; N) via the relation Qc_i|0; N) ~ c_i|0; S) + • • • . The same ar- 
gument also applies to excited supersymmetric states. In this case H and P can take 
arbitrary value satisfying the condition H = P, and the amplitude (15. 25ft can be non- 
vanishing since we are using the operator e~( H ~ p > T instead of e~ Hr to propagate the 
states along the cylinder. 

Since supersymmetry is spontaneously broken, all excited states will be lifted ei- 
ther by the worldline or worldsheet instantons described above, or by perturbative 
corrections to Q. To ascertain explicitly how each and every state is lifted is challeng- 
ing, at least from the viewpoint of Morse theory on loop space. Nevertheless, some 
of the cases can be easily described. For example, states of the form ViC l _ n \0; S) and 
V*c_ nii |0; N) are sections of the bundle S®T*X = 0(-3) and S&TX = 0(1), respec- 
tively (before the deformation by /). Since h (O(—3)) = h l {0{\)) = 0, these states 
must be lifted by classical, worldline instantons. Thus, states of the former type are 
not Q-closed, and those of the latter type are all Q-exact. On the other hand, states of 
the form V*c_ n( i|0; S) and t^cLjO; N) are sections of the bundle S ® TX = 0(1) and 
S(B)T*X = 0(—3), respectively, and the Betti numbers are 2 for both cases. For n — 1, 
we saw above that worldsheet instantons lift them. For n > 2, worldsheet instantons 
cannot lift them, but perturbative corrections will destroy the classes. We have seen 
one such mechanism at the end of Section |5T2"| which led to the relation Q\T ZZ ) = \d z 9). 

Since our model is formulated as supersymmetric quantum mechanics on the loop 
space LX, worldsheet instantons will detect the classical geometry of LX; they are 
analogous to worldline instantons — which are instantons in supersymmetric quantum 
mechanics on X — that detect the classical geometry of X. Our results tell us that the 
Q-cohomology of X = CP 1 , i.e., a spinor cohomology of LX, is trivial. This is consistent 
with Stolz's idea [27J that if X has positive Ricci curvature, then LX will have a positive 
Ricci scalar with no harmonic spinors. From the target space viewpoint, one could say 
that under a "quantum" deformation of the geometry of CP 1 by worldsheet instantons, 
the kernels of the corresponding twisted Dirac operators become empty. 
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